
C O N F O R M A L  M A P P I N G  I N  C A L C U L A T I N G  T H E  

S O L I D I F I C A T I O N  O F  A C O M P L E X  C A S T I N G  

Y u .  A .  S a m o i l o v i c h  UDC 536.42 

An approx ima te  method is given for  calcula t ing the solidif icat ion of a complex cas t ing on the 
bas i s  of a quas i s t a t iona ry  approach  and the use of conformal  t r ans fo rma t ion .  The solution 
to the two-dimens ional  Stefan 's  p rob lem is i l lus t ra ted  by the solidif icat ion of a mel t  in 
wedges of angle up to 27r. 

Prof i le  cas t ings  and o ther  such i t ems  have a g rea t  va r i e t y  of g e o m e t r i c a l  f o rms ;  p r e f e r ence  is often 
given to cas t ing  in p repa r ing  objec ts  of complex  shape,  s ince one then often cannot use welding, forging, or  
s tamping .  On the other  hand, exist ing methods  of calcula t ing cas t ing solidif icat ion [1-8] allow one to ca l -  
culate the mot ion of the solid f ront  only fo r  v e r y  s imple  geome t r i ca l  f o r m s  such as  plate,  cy l inder ,  o r  
sphe re .  Exac t  solution of S te fan ' s  p rob lem (the bas is  of the solidification) is difficult and involves approxi -  
ma te  methods ,  e .g. ,  an in tegra l  balance re la t ion,  which can incorpora te  the enthalpy change in the solid 
c r u s t  and the heat r e l eased  by the phase t rans i t ion .  This method was f i r s t  used by Leibenzon in 1939 [9] for 
bodies  of s imp le  shape and provided s imple  working fo rmu la s  for  the th ickness  of the solid c rus t  as a 
function of t ime .  

We have der ived  c o m p a r a t i v e l y  s imple  working fo rmu la s  as in [9] that define the shape of the sol idi-  
f icat ion f ron t  and the speed for  m o r e  complex  cas t ings ;  the initial a s sumpt ions  a r e  as follows: 

a) the me l t  filling the mould is a meta l  or  al loy with a ve ry  na r row c rys ta l l i za t ion  range and such 
that the phase - t r ans i t i on  t e m p e r a t u r e  can be cons idered  as  constant  at Tc r ;  

b) we neglec t  any convect ion in the mel t ,  wha tever  the cause  {jet motion during pouring,  nonuniform 
densi ty ,  etc);  

c) any superhea t ing  is  neglected,  i .e. ,  we a s s u m e  that  the liquid is at the c rys ta l l i za t ion  point through-  
out the p roces s ;  

d) the the rmophys ica l  c h a r a c t e r i s t i c s  of the m a t e r i a l  (k, o, and Cv) do not v a r y  during the p rocess ;  

e) we cons ider  the two-dimens iona l  t e m p e r a t u r e  d is t r ibut ion and heat- f lux pat tern  in the solid c rust .  
The working regions  in the c r o s s  sect ion have the following fea tures :  

F~ 

Tt r ~ r ' s ~  

Fig.  1. Calculat ion 
region of canonical  
fo rm.  

I) a working region is two-dimens ional  and planar;  

2) such a region is singly coupled; 

3) the region is r ep re sen t ed  by the cu rv i I inea r  rec tangle  ABCD (Fig. 1), in 
which the i so the rma l  par t  of the solidif icat ion front  BC is separa ted  f rom 
the cooled su r face  AD by the adiabat ic  pa r t s  AB and CD. A working r e -  
gion that sa t i s f i e s  these  th ree  conditions is said to be a region of canon-  
ical  f o rm;  

f) the t e m p e r a t u r e  is a s sumed  to be identical throughout the cooled par t  of 
the working region and unvarying (boundary condition of the f i r s t  kind). 
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Fig. 2. Mapping of a calculation region of 

canonical form on a rectangle.  

These simplifying assumptions concern the physi-  
cal state of the melt and the geometr ica l  features  of the 
region, and they are  accompanied by the three following 
postulates as  to the solidification. 

A. The isotherms for the solidification front re -  
main of the same shape throughout the process  (self- 
modelling postulate). 

It is c l ea r  that this mode of solidification occurs  
when there are  no sharp changes in the pa ramete r s  of 
the cooling medium; an experimental  confirmation of 
the postulate has been given ([10], p. 60) for  cast ings 
solidifying in wedges. 

B. The law of conservat ion of energy for  a working region of canonical form is represented by 

l 

o~-z tv d l ]  - ,~ [I~ + c,. (To~ -- T)I ctSdt(t) (1) 
O 

The left side of this equation represen t s  the heat consumption (per unit layer  thickness) due to the 
cooled part  of the casting Yl of length l, while the r ight side incorporates  the heat re leased by the phase 
transit ion and the enthalpy change in the solid c rus t  as the tempera ture  falls from Tcr  to T, with T(t) 

= 1/S T(x, y, t)dxdy the m e a n - m a s s  tempera ture  of the solid crus t  at time t and S(t) = dxdy the area 
�9 t 

(S)  

of c ros s  section of the solid c rus t  at time t. 

C. The tempera ture  distribution in the working region of canonical form is determined by the solution 
for the corresponding problem in s tat ionary heat conduction. 

The lat ter  postulate is an express ion of the quasis ta t ionary approach to this case .  

Analysis indicates that the e r r o r  in determining the solidification time f rom the quasis ta t ionary ap-  
proach does not exceed 8-10%, which is quite acceptable for engineering purposes.  

The quasis ta t ionary postulate allows us to perform eonformal mapping of the working region of 
canonical form and thus to produce an approximate solution. 

We now show how conformal  mapping can be used to calculate the solidification of a complex casting. 

We introduced two planes of the complex var iable  Z = X + iY and w = u + iv; in the Z plane we select  
a working region d of canonical form bounded by i so therms (T = Tcr  , T = Ts) and cur ren t  lines forming a 
mutually orthogonal net; the analytical function 

o~ = u + iv  = f (Z) (2) 

is used to map region d on region D (w plane), the la t ter  being of s impler  form,  on the basis that the solu- 
tion to the s ta t ionary heat-conduction problem for region D is known and has a simple form. We assume 
that the function w = f(Z) coincides apar t  from the real  constants A and B with the complex thermal  poten- 
tial W ( Z ) ,  i . e . ,  

W (Z) : Ao) (Z)-i- 13 = Q + iO, (3) 

f rom ~vhieh we conclude that the straight  lines v : const and u = const  are  the mapping of the i sotherms 
and current  lines on the o~ plane. In the example considered below, the working region ABCD of canonical 
form is mapped into the band (rectangle) abcd, whose boundaries ab and cd are  i so therms,  while the bound- 
a r ies  bc and da are  adiabatic cur ren t  l ines (Fig. 2). The stat ionary tempera ture  distribution in the band 
abcd is one-dimensional  and linear:  

T = T (v)  = T s . i (Tot  - -  Ts ) _ v  - -  v , ,  
v2 __ vt (4) 

do o 2 -  v ,  ~ -  ' �9 (5 )  

and so 
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Fig.  3. Selection of calcula t ion region for a co rne r  in 
a cast ing.  

On t r a n s f e r r i n g  f rom the v a r i a b l e s  x and y to the new v a r i a b l e s  u and v the equation for  the heat  balance of 
(1) becomes  

U2 

~=~. dt 

o r  f rom (5) 

~ ( ~ . c ~ _ ~ / , - - ,  _ ~  L + [  co ] ~S~t, 
(7) v2 - -  vl dt 

The a r e a  of c r o s s  sect ion of the cas t ing  at  t ime  t is 

(s) (s) 

or  on t r a n s f e r r i n g  to the v a r i a b l e s  u and v,  

where  D(u, v) is a functional de t e rminan t  (Jacobian),  whose expres s ion  takes  the following fo rm ([11], p. 
246): 

OX OY OX OY 
D (u, v) = Ou Ov Ov Ou (9) 

The re la t ionsh ips  

X =  X (u, v), Y =  Y (u, v) (10) 

can be found by inver t ing the mapping function of (2), i .e . ,  

�9 Z = X + i Y = [ ~ @ ) ,  (11) 

and by compar ing  the rea l  and imag ina ry  pa r t s  of the la t te r  equation. Since 

dS OS d~ (t) (12) 
dt O~ dt 

where ~(t) = v2(t) is  the value of the coordinate  v = const  cor responding  to the position of the solidif icat ion 
f ront  a t  t ime t, we have 

Ut 

dS =l= d~ ~" D(u, ~)du (13) 
dt dt 2 

Ul 
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o o,o o,e t.e en(~) 

F i g .  4. Me l t  s o I i d i f i c a t i o n  at  
c o r n e r s  with a n g l e s  ~ tha t  a r e  
m u l t i p l e s  of ~r/4: 1) ~r/4; 2) rr/2; 
3 ) 3 ~ / 4 ; 4 )  ~; 5)5~r/4; 6)3~r/2;7) 
7~r/4;8) 2~r, [2K0s/(2 + K0s)] r 

= Gp(r 

to g e t  the so lu t ion  in the f o r m  

and (7) b e c o m e s  
TA z 

We a s s u m e  fo r  s i m p l i c i t y  tha t  u 1 = 0, v 1 = 0, u 2 = 1, v 2 = ~, and then 
the l a t t e r  equa t ion  t a k e s  the f o r m  

i 

~, c~ (rcr  ~ rs ) dt ( '  
pc v L l~[1 - cv(Tex__Ts)  ] =~d~, )  D(u,  ~)du. (15) 

[ ' 2 L  ] o 

We i n t r o d u c e  the d i m e n s i o n l e s s  c o m p l e x e s  

)~ t c v (rcr - -  Tin) Tcr - -  T s r, K, O~-  
p c  o l ~ L Tcr - -  T m 

and i n t e g r a t e  (15) s u b j e c t  to the  i n i t i a l  cond i t ion  

- ~ = 0  for t= -0 ,  (16) 

2KOs ~ ; D(u,  
2 + K 0  s = j '~d~ ~)du, 

0 0 

w h e r e  the g e o m e t r i c a l  f e a t u r e s  of the  w o r k i n g  r e g i o n  a r e  i n c o r p o r a t e d  in D. 

(17) 

As  an e x a m p l e  of the use  of (17) we c o n s i d e r  the s o l i d i f i c a t i o n  of a m e l t  a t  a c o r n e r  (angles  up to  27r); 
F i g .  3 shows  the  v a r i o u s  p o s s i b l e  s t y l e s .  

The work ing  r e g i o n  OBCD (Fig .  3a) is  bounded by  the cool  p a r t  OB, the  i s o t h e r m  CD, and the two 
a d i a b a t i c  c u r r e n t  l i n e s  BC and OD. We i n t r o d u c e  the p a r a m e t e r  p = rr/a. The work ing  r eg ion  i s  r e p r e -  
s en ted  by a be tween  0 and 360 ~ which c o r r e s p o n d s  to v a l u e s  of p = 7r/a f r o m  1/2 to in f in i ty ,  and in p a r t i c u -  
l a r  in the f i r s t  q u a d r a n t  (~/2 ->c~ > 0)2 --< p < ~ ,  whi le  in the second  q u a d r a n t  (~ >- a ~- rr/2) 1 -  < p -< 2, in the 
t h i r d  q u a d r a n t  ( 3 ~ / 2  _> c~ _> ~) 2 / 3  _< p _< 1, and in the four th  q u a d r a n t  (27r > c~ _> 3~r/2) 1 / 2  < p _< 2 / 3 .  

The a n a l y t i c a l  funct ion  

o) = u + iv = Z p (18) 

r e p r e s e n t s  c o n f o r m a l l y  the work ing  r e g i o n  OBCD in the band obcd,  and the J a c o b i a n  i s  

D = @ (u ~ ~ v2) ~ . 
(19) 

We use  the  g e n e r a l  so lu t ion  of (17) to  f ind f r o m  (19) tha t  
1 1 

2KOs 1 C ~ ) ~  1 (20) 
- -  ~ = - -  ,)  ( u  2 + d u - -  2 ( p + 2 )  " 2 + K0 s 2p 

0 

The t h i c k n e s s  of  the  l a y e r  of so l id  c r u s t  e in the d i r e c t i o n  of the b i s e c t o r  of  a is  r e l a t e d  to  ~ by 

e (t) = l~ 1/~ (~), (21) 

which  fo l lows  f rom the c o r r e s p o n d e n c e  be tween  the po in t s  in D and d: 

rD = T ' OD = - -  - -  ' ud = O, ve = ~ = r~ sin p0 = sin ~ = . 
2 2p 2 

F o r  o~ = 90 ~ (Fig .  3b) the t ime  d e p e n d e n c e  of ~ t a k e s  the f o r m  

2KOs 1 ( l ~ - V - l - b ~  ~ ) 
2_~_KOs,~=-g- ~ l n  ' ~ ~ - ,  1 + ~  2 - - 1  . (22) 

P a r a m e t e r  ~ is  r e l a t e d  to e a long OE by 

e (t) = l 1 /  ~ (t) , (23) 
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which  fo l lows  f r o m  the c o r r e s p o n d e n c e  be tween  the po in t s  in D and d: 

--= = - - c o s - - ,  u a = O ,  v a = ~ = 2  c o s - -  
l 4 4 

F o r  a = 270 ~ (for  p = 2/3) we have  (Fig .  3f):  

(t) = l~ 3/~- ( '0 .  

F o r  this case the solution of (20) is taken in quadratures and takes the form 

2K0s 9 [_~__  1 -} -1 /  1 + ~  ~ 1 2 + 5 ~  (1 ~-~2) '/2] 
2 + K 0 s  ~ = ~ -  L In ~ - - ' - 6 +  12 _ " (24) 

The f o r m  of the s o l i d i f i c a t i o n  f ron t  a t  an  i n t e r i o r  r i g h t  ang le  (for a = 270 ~ is  d e t e r m i n e d  f r o m  the cond i t ion  
v = ~(t) s u b j e c t  to the e x p r e s s i o n s  

2 = r 2/3 sin ~ 0 = const, r = (X ~ + y2)1/2, 0 = arctg Y , 

whe nc e 

= 2 113 2 ~(1) ( X " - [ - Y ' ) s i n  ( ~ -  arctg Y )  . 

The i n t e g r a l  in (20) can  be found n u m e r i c a l l y  fo r  a r b i t r a r y  v a l u e s  of a.  

F i g u r e  4 shows  r e s u l t s  f o r  a n g l e s  t ha t  a r e  m u l t i p l e s  of  z / 4 ,  i . e . ,  f o r  a = v / 4 ,  7r/2, 4~ /3 ,  e tc .  

The r a t i o  eoJSc g i v e s  an i n d i c a t i o n  of  how o~ i n f l u e n c e s  the  s p e e d  of  the  f ront ,  w h e r e  ec is  the t h i c k n e s s  

of the  c r u s t  fo r  a = 180 ~ i . e . ,  under  the c o n d i t i o n s  of S t e f a n ' s  p r o b l e m .  Th i s  method  of i n c o r p o r a t i n g  the 
e f f e c t s  of the ang le  be tween  con juga t e  p l a n e s  h a s  been  used  [10] in e x p e r i m e n t s  on s o l i d i f i c a t i o n .  

Note tha t  wi th in  the  r a n g e  of v a r i a t i o n  in K0s and T of p r a c t i c a l  i n t e r e s t  fo r  m e t a l l i c  c a s t i n g s ,  the 
r a t i o  ec/e c i s  not  a c o n s t a n t  (Fig .  4), but  the  l i m i t s  of v a r i a t i o n  a r e  not too l a r g e  and a r e  a s  fo l lows :  e~5/e e 
= 2 . 2 - 2 . 7  fo r  a = 45~ eg0/ec = 1 .5 -1 .8  f o r a  = 90~ el3~/ec = 1 .2 -1 .35  f o r a  = 135~ e22Je c = 0 .76-0 .84  fo r  a 
= 225~ e270/e c = 0 .66 -0 .74  f o r  a = 270~ e315/e c = 0 .50-0 .64  fo r  a = 315~ e360/e c = 0 .40-0 .53  fo r  a = 360 ~ 

F o r  c o m p a r i s o n ,  we g ive  m e a s u r e d  v a l u e s  f r o m  the da ta  of [10] (p. 60): e4~/e c = 2 .9 -3 .1 ;  e t3Je  c 
= 1 .25-1 .4 ;  eg0/ec = 1 . 6 - 1 . 9 ;  e270/e c = 0 .48 -0 .7 .  

I t  m a y  be s e e n  tha t  the  c a l c u l a t e d  ea / e  c a g r e e  s a t i s f a c t o r i l y  with the e x p e r i m e n t a l  v a l u e s  due to 
Gu lyaev .  

T 

T c r ,  T m 

t 
x, y 

k, 0, c v, L 

l 
Q, 
i = ~fL-~, i 2 =--1; Q = Ql/k(Tcr-T m) 
0 = (T-  Tin) / (Tcr-Tm) 
X =  X/l ,  Y =  y/ l  

K = c v (T c r -  T m ) / L  
7 = (~/OCv)(tfl2) 

N O T A T I O N  

is  the  t e m p e r a t u r e ;  
a r e  the c r y s t a l l i z a t i o n  t e m p e r a t u r e  and t e m p e r a t u r e  of coo l ing  
m e d i u m ,  r e s p e c t i v e l y ;  
i s  the  t i m e ;  
a r e  the c o o r d i n a t e s ;  
a r e  the t h e r m a l  c onduc t i v i t y ,  d e n s i t y ,  s p e c i f i c  hea t ,  and l a t en t  
h e a t  of fus ion ,  r e s p e c t i v e l y ;  
i s  the c h a r a c t e r i s t i c  l i n e a r  d i m e n s i o n ;  
i s  the  hea t  f low r a t e  p e r  uni t  t i m e  p e r  unit  bed t h i c k n e s s ;  
i s  the d i m e n s i o n l e s s  hea t  f low r a t e ;  
i s  the  d i m e n s i o n l e s s  t e m p e r a t u r e  ; 
a r e  the d i m e n s i o n l e s s  c o o r d i n a t e s ;  
i s  the  t h e r m o p h y s i c a l  c r i t e r i o n ;  
i s  the  F o u r i e r  n u m b e r .  
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